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Abstract 

The quantum discord was introduced by Ollivier, Zurek, Henderson and Vedral as an 
indicator of the degree of quantumness of mixed states. In this paper, we give out the de¬ 
composition condition of quantum discords. Moreover, we show that under the condition, 
the quantum correlations between the quantum systems can be captured completely by the 
entanglement measure. 
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1 Introduction and preliminaries 

In this article, we always assume that T-La, 'Hb, ICa and )Cb are finite dimensional complex Hilbert 
spaces. Let L {T-La,^a) be the set of all linear operators from PL a to 1C a- A quantum state p of 
some quantum system, described by PLa, is a positive semi-definite operator of trace one, in 
particular, for each unit vector \tp) G PLa, the operator p = \tp){xp\ is said to be a pure state. We 
can identify the pure state \tp){ip\ with the unit vector \ip). The set of all quantum states on PLa 
is denoted by D{PLa)- 
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A quantum measurement is a set {Mx}xgE of positive operators indexed by some classical 
label X corresponding to the classical outcomes of the measurement. These operators form a 
resolution of the identity on the Hilbert space of the system that is being measured |lTJ|2l|3: 

Vx:M, >0, = 

X 

together with {Ax}xe'L such that Mx = A^Ax- In particularly, when {Mx = tCx} is a set of 
orthogonal projection operators, then {Mx = is said to be a von Neumann measurement. 

Given a quantum state p G D{'Ha), the quantum measurement {Mx} induces a probability 
distribution p = {px}xe'Lf the conditional state given outcome x and the probability of 
this outcome read: 

Pa\x = p{x)~^^xpAl, p{x) = Tt{MxP). 

However, the following famous theorem told us that each quantum measurement can be seen 
as a von Neumann measurement on a larger quantum system, that is: 

Theorem 1.1. (Neumark extension theorem, @|5]b Let M = {MxjxeE be a quantum measurement 
on Li A with |E| = n. Then there exist a Hilbert space TLe with dimension dim "He = n, a pure state 
|co) S d von Neumann measurement {tt^ } on TLe, (ind a unitary operator U on TLa ® T^e such that 
for each quantum state p G D{'Ha), 

AxpA\ = Tr£(lA ®n{U p® |eo)(eo| la G tt^), 

where Mx = A}.Ax. 


It follows from the theorem that IBIII 

Mx = A^Ax = (eolLf^lA G 7ixU\eo), 
and the probability of the outcome x read 

Px = Tr(Mxp) = Tr(Lf^lA G tZxU p® |eo)(eo|). 

Let p = {pa} S be a probability distribution, the Shannon entropy H(p) of p is defined by 


H{p) = - E P«log2(P«)- 

aeT. 


For each quantum state p G D{'Ha), the quantum analog of the Shannon entropy is von 
Neumann entropy 


S{p) = -Tr(plog2(p)). 
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An equivalent expression of von Neumann entropy is (lH, Chapter 6.1) 

S{p) = ^min H({p;}), 

where the minimum is over all pure state convex decompositions of p. 

Moreover, a pure state convex decomposition of p minimizes {H{{pi}) : {\ipi),Pi}} 

if and only if it is a spectral decomposition of p. 

The identity can be generalized to get 

S{p) < +J^PiS{pi) (1.1) 

i 

for any quantum state ensemble pi}, where {p,, p,} is a convex decomposition of p. Moreover, 
it has equality if and only if the quantum states {p,} have mutual orthogonal supports. 

Let us consider two quantum systems T-La and "Hg/ Pab S D{'Ha C 'Hg)- In quantum infor¬ 
mation theory, the quantum mutual information 

lA-.BiPAB) = S{Pa) + S(pg) — S{Pab) 

of the quantum state Pab is regarded as a measure of the total correlations between quantum 
systems T-La and Tfg when the quantum system T-La <S> T-Lb in the quantum state Pab> where 
Pa = Trg(p, 4 g) and pg = Tr, 4 (p, 4 g) are the reduced states of Pab- 

If we denote S(pg|^) = S{pab) — S(pa), then the quantum mutual information can be written 
in the following form: 

Ia-b{Pab) = S{pb) - S{pb\a)- 

Ones can prove that Ia:b{Pab) > 0 and Ia-.b{p) = 0 if and only if Pab is a product state, that 
is Pab = Pa®Pb- 

Given a von Neumann measurement {tt^} on quantum system T-La, let us defined a condi¬ 
tional entropy on quantum system "Hg by 

Sb\a{Pab\{7Tx}) = J^VxS{pB\x)> 

i 

where 

Pb\x = Vx^ TrA(7r^ O IbPab), rjx = Tr(7r^ O Igp^g). 

Denote 

J{^x}{PAb) = S(pg) -Sg|^(p,4B|{7r^})- 
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In order to take a quantity which does not depend on the von Neumann measurements, ones 
define 


JB\fipAB) = rnaxJ{n^}{pAB) = S{pb) - min{J^r]xS{pB\x)}, 

i^x I l^x I X 

it is interpreted as a measure of classical correlations between the quantum systems T-La and T-Lb 
when the quantum system T-La <8) T-Lb in the quantum state Pab- 

In general, Ia:b{Pab) may differ J7J|^ (pab)- Their difference 

T’a^'(Pab) = IaApab) - JeifipAB) = S{pa) - S(pab) + mm{^;^;,S(pB|;,)} 

I X 

is interpreted as a measure of quantum correlations and is called quantum discord ([iJ, Chapter 
10.1 and IZllHlEl)- The minimum is achieved for some rank-one orthogonal projection measure¬ 
ment operators 

Similarly, given a quantum measurement {M^} on T-La, let us defined a conditional entropy 
on TPb by 

Sb|a(Pab|{M^}) = Y^p^S{pb\z)x 

Z 

where 


Pb\z = Pz^T'^a{M^®1bPab) , }iz = T'r{M^®lBpAB)- 


Denote 


>^{^z}{Pab) - S{pb) - Sb|^(pab|{M^}), 


and 


JB\AipAB) = max J{M^}(pab) = S{pb) - mm^p^SipBiz)}- 

{M^} {Mz} z 

The corresponding discord T>a{Pab) is defined by l P4i1 ') 

T’a(Pab) = Ia:b(Pab) - Jb|a(Pab) = S{pa) - S(pab) + min{^jM2S(pB|z)}- 

z 

As in the case of von Neumann measurements, the minimum is achieved for some rank-one 
measurement operators {M^}. 

That Va{pab) < T>^^'{pab ) is clear. On the other hand, by Neumark extension theorem (|l.ll) 
and note that = {eo\U^lA ^ n^U\eo), we have 

T^a{Pab) = T^AE'iPAB O |eo)(£o|)- (1-2) 
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Given a pure state \xp){tp\AB £ 0(7^^ ®T-Lb), then S{pa) = S{pb) HOl. The entanglement 
^{\^){^\ab) of \ip){tp\AB is defined by 

H\1’){^\ab) = S{pa) = S{pb). 

For any quantum state Pab S D{'Ha G Hb), the entanglement of formation Ef{pAB) of Pab is 
defined by (IlOl, lUI): 

EfipAB) = mm 

{I'/’.TPi} i 

where {\tpi) {tpi\, Pi}ie'L is the pure state convex decomposition of pab- 
For any pure state \xp) {tp\AB S D{T-La ® Hb), we have ( lUOUTTH ') 

'^A{\f))fP\AB) = V^^^-{\f)){lp\AB) = Ef{\tp)fp\AB) = S(|l/^) (l/^U) = S{\lp) {iPIb) ■ (1.3) 

Let pAB S ^{Ha ® Hb), Pab = Hiez PiWi){^i\ be its spectral decomposition. Generally, ones 
have ([i4J) 


0 < min {Ef zS(pb|z)} < Y^^fii'LnxSipBix)} < s{pab)- 
{I Z W z I X 


Moreover, 


min{EFxS(FB|x)} = S{pab) 

{^x} X 

if and only if Yliei. Pi\y\f'i}/) i^ tbe spectral decomposition of p^^y, where 

p;Tr(7r^(8)lB|M/)(M/|) , ,, , TrA{7Z^®tB\Ui){Ui\) 

- Tr(,r,®l„|u,){u,|) ' 

the von Neumarm measurement {TCy} minimizes the conditional entropy Lx F^'S(pbIx)/ ^od 
Trsdu;) (wyl) = 0 when i j and piPj > 0. 

In this paper, we give out the decomposition condition of quantum discords. Moreover, we 
show that under the condition, the quantum correlations between the quantum systems can be 
captured completely by the entanglement measure. 


2 Decomposition of quantum discord 


Firstly, we prove the following result. 
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Theorem 2.1. Let p^B S D{'Ha ^b)/ Pab = Dez (^il spectral decomposition. Then 

mm{^//;,S(pB|^)} = 0 (2.1) 

{^x} X 

if and only if for any two i,j G E and i f j, 

Tr^(|M,-)(My|) =0. (2.2) 

Proof. If for any two i,] G E and i 7^ we have Tr^(|M;)(Mj|) = 0, then Tredw,) (m;|) and 
Trg (I My) {uj I) are orthogonal, it implies that there are subspaces Vf, C PLa such that | uf {u, | G 
□ (V-^ (8) T-Lb) and Vf Q (V)^)^. Let nf be the orthogonal projector onto Vf for any i, and 
= 1a - {E,6Z then 

nf (g) Ig Pab /rf (g Ig = p;|m,) (m,-|. 


Therefore, we have that 


0 ^ ^^f}{'LVxS{pB\x)} < E Pr min{ ^ Vk^S{p^^>)}, 

ieT.U{m} {<'} /C6Z, 


dO 


dO 




r(0 


1^x1 X 

where E^teZi 4'^ - /rf, = Tr(4'^ ® 1 b|w/) (w/i) and TrA«^ ® 1 b|w/) (w/i), 

,gzu{m} is also a von Neumann measurement. On the other hand, for any pure sfate, 

dO T 

^B|lcJ 


it follows from the Schmidt decomposition that states {Pgil} are pure states and thus have zero 


entropy. Therefore, we have that 


Y^^f}{'LnxS{pB\x)} = 0 . 

l^xl X 


If there exist i 7^ j and Pi,Pj > 0 such that Tr^(|M,) (My|) f 0, then for any von Neumann 
measurement {/r^jx on PLa, there exists at least a tz^ such that Tr,i(7r^ O (mj^I) f 0 for 

k = i,j. Also, note that E/ez PiWi) {^i\ is the spectral decomposition of p, we have that (fx ^ |fx = 
0, where Tr^(7rx O lAWk){uk\) = Px^'^\'^'x'^){'^^x^\ for k = i,]. It is easy to show that S(pg|3.) > 0. 
This contradicts (12.11) . □ 

Theorem 2.2. Let pab S D{PLa ® Hb), Pab = E/ez Pil^i) {^il be its spectral decomposition. If 

Tr^ (IM,) (My I) = 0 

for any two i 7^ j and pi, pj > 0, then 

Va{Pab) = T)a^-{Pab) = PfipAB) = Y^PiV^A^i\Ui){Ui\). (2.3) 

!6Z 
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Proof. If Tr^(|i/;) {uf) = 0 for any two i f j and pi, pj > 0, note that the property of entropy, we 
know that 


S{Pa) = E Pi^(pA\i) + H{{pi}), 

!6E 

where = Tredu;) (u;|). And, it follows from the spectral decomposition pab = E/ez PiWi) {^i\ 
that S{pab) = H{{pi}). Therefore, by the definition of quantum discord, equality (I1.3D and 
Theorem 12.1[ we have that 

'^A^ipAB) = S(pa)-S(pab)+ min{E'/xS(pB|x)} 

{<} X 

= LpiS{PA\i)+H{{pi})-mpi}) 

16 Z 

!6Z 

Also, by Equality (11.21) and (I1.3I) . we have that 

I^AipAB) = T>^e-(Pab® |eo)(eo|) - Ep!^ae'(|w/)(w/I ® ko)(eo|) 

/6Z 

!6Z 

Moreover, it follows from lfT2l that 

PfipAs) = Y^PiEf{\Ui){Ui\), 

/ 

thus, by Equality (I1.3D again, we have 

VAipAB) = 'D^A^'ipAB) = PfipAB = E (l“«) (“«l )• (2-4) 

J6Z 

□ 


This theorem means that if PiWi) is a spectral decomposition of Pab and 
Tr^(|wj)(wy|) = 0 where i j and pi,pj > 0, 

then the quantum correlations between the quantum systems PLa and PLb can be captured com¬ 
pletely by the entanglement measure. 

If we replace the condition of pure states in equality (|2.2|l with mixed states, we have the 
following conclusion: 
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Theorem 2.3. Let S D{T-La ® TLb), Pab = E/ez PiPi orthogonal decomposition. If for any 

two i f i and p,, pj > 0, 

TrA(p/Py)=0, (2.5) 

then 

T^a{Pab) = Yj PiT^A{Pi)- (2.6) 

!6E 

Proof If Tr^(p/py) = 0 for any two i,] G E and i j, then it is easy to show that TrB(p;) 
and TrB(pj) are orthogonal, it implies that there are subspaces Vf,V^ C such that pi G 
D(V/^ (8) 'Hb) and Vf C If nf is the orthogonal projector onto Vf for any i, and = 

1a - {E;6Z we have 

nf (g) Ig Pab nf 1 b = Pipi- 


Let {Mz = AIAz}z be the quantum measurement which minimizes the conditional entropy 
Ez PzS{pb\z)- Note that A^nfAz are positive operator for all i,z, and 

= Y^l^Y^t)^z = Y^z^^ = 

i,z z i z 

thus, {Mz^ = Alnf Az} i(zY.[j{m},z is also a quantum measurement. By 

TvAiMi'^ ^ 1 bPab) = PilrA{Mi'^ ^Ispi) 

for all i, z, we have 

E^^S(pb|,) < Y (2.7) 

Z iez Z 

where = Tr(Mi'^ (g IbPi) and = (pz'^)“^ Tr,i(Mi'^ (g) IsPi)- 

On the other side, it follows from PzPb\z = Ei PiPz^ P^b\z concavity of von Neumann 

entropy that 

YpzS[pb\z) > Y PiPz'’s{p^i\f} = YPiiYp^^'^^(pil)}- (2-8) 

z i<E'L,z !6Z 2 

Therefore, by Inequality (I2.7I) and (I2.8D , we have 

min^PzS(pB|z) = YPi min{X]F2^S(pjj'h}. 

(Md z ieY. {Mf} z ' 


Moreover, if denote pA\i = TrB(p,), then, it follows from pA = IlieT.PiPA\i property of 
entropy dl.ll) that 


S{Pa) = Y Pi^ipAli) + H{{pi}). 

!6E 
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Similarly, we also have 


S(p) = ]^PiS(pi) + H({pi}). 

ieT. 

Therefore, by the definition of quantum discord, it follows that 
'I^a{Pab) = S(pA)-S(p) + mm{^?i2S(pB|J} 


= YlPiS{pA\i) + H{{pi}) - {Y^piS{pi) + H{{pi})} + Y2Pi min{X]?^i'^S(p^'h} 


!6E 


/6S 


! 6 Z {m'*'} z 


E Pi [S(Pa|/) - S{pi) + min {J^Pz^S{p^^l)}] 
ieT. 

J^PiVAipi). 
ieT 


{mI'*} z 


□ 


3 A tripartite system 


Let Pab £ D('Ha ® Hb). Taking a pure state |Y) G D{'Ha <S> V-b <S> V-c) such that 

p^B=Trc(|Y)(YUBc), 

Pab = T,ieTPiWi) {^i\ is the spectral decomposition of Pab- Now, we will prove that if pab 
satisfies the condition of Theorem I2.21 then by the famous necessary and sufficient condition of 
zero discord in |13]1 , Hb arid TLq is not entangled and even have vanishing discord by the local 
measurements on the system 'He¬ 
in fact, let 

TTA{\ui){uj\) = 0 for any two i 7^ ; and Pi,Pj > 0, 


|Y)abc = 

ieT 

be the Schmidt decomposition of |Y),^bc- If follows from the condition that for any i, we have 

,(0u(0\i,d0\ 


.■) = E 

jeTi 


where {|^y*^)} and are orthonomal families of 'Ha and HLb respectively, and = 

0 for i,k ^ 'L,i ^ k and j G E„ I G Thus, 

PBC = Tr,4(|Y)(YUBc) 




(0u«\ _ 


= E E(‘f;'‘i(E E i/p/i!'V,"’>iOh>,»(E E J 




ieZieZi 








d')u(0\ud0N 




'1 'r; 




Ep'( E ® \^i){^i\- 

ieT ^ jeTi 
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Therefore, psc is a separable state, and note that {vi\v]^) = 0 for all i eYj, we have T>c{pBc) = 
0. The conclusion is proved. 
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